Abstract: This paper presents Buckley-Leverett type analytical solutions for non-Darcy displacement of two immiscible fluids in linear and radial composite porous media. High velocity or non-Darcy flow commonly occurs in the vicinity of the wellbore because of smaller flowing cross-sectional areas. However, the effect of such non-Darcy flow has been traditionally ignored. To examine the physical behaviour of multiphase immiscible fluids in non-Darcy displacement, an extended Buckley-Leverett type of solution is discussed. There exists a Buckley-Leverett type solution for describing non-Darcy displacement in a linear homogeneous reservoir. This work extends the solution to flow in linear and radial composite flow systems. We present several new Buckley-Leverett type analytical solutions for non-Darcy flow in more complicated flow geometries of linear and radial composite reservoirs, based on non-Darcy flow models of Forchheimer and Barree-Conway. As application examples, we use the analytical solutions to verify numerical simulation results as well as to discuss non-Darcy displacement behaviour. This theory of non-Darcy flow displacement is applied to evaluate the flow behaviour near wellbore areas during CO 2 sequestration. The results show how non-Darcy displacement during CO 2 injection in linear and radial composite systems is controlled not only by relative permeability, but also by non-Darcy coefficients, characteristic length, injection rates, as well as discontinuities in the saturation profile across the interfaces between adjacent composite flow domains.
Introduction
Multiphase flow and displacement occur in a large variety of subsurface systems ranging from gas, oil, and geothermal reservoirs to vadose zone hydrology and soil sciences. In the petroleum industry, fluid displacement has long been used as an effective EOR process. Buckley and Leverett (1942) established the fundamental principle for flow and displacement of immiscible fluids through porous media in their classic study of fractional flow theory. Their solution involves the displacement process of two incompressible, immiscible fluids in a one-dimensional, homogeneous system without considering the capillary effect. The solution, then, has been extended in many aspects, including capillary effects (Yortsos and Fokas, 1983; Chen, 1988) , and a heterogeneous linear composite reservoir (Wu et al., 1993) .
The effects of non-Darcy have long been observed and investigated for fluid flow in porous media (Tek et al., 1962; Scheidegger, 1972; Katz and Lee, 1990) . Theoretical, field, and experimental studies have been performed both on single phase (Tek et al., 1962; Swift and Kiel, 1962; Lee et al., 1987; Lai et al., 2009 ) and multiphase flow ). Non-Darcy flow is generally described by the Forchheimer equation for a single-phase system. Many studies (Evans and Evans, 1988; Liu et al., 1995; Wu, 2001 Wu, , 2002 extended the equation to multiphase flow. Recent studies Conway, 2004, 2007) have indicated that the Forchheimer equation could not accurately predict the fluid flow behaviour in porous media at a very high velocity. As such, an alternative correlation, the Barree-Conway model, in both single phase and multiphase flows was presented. Laboratory studies confirmed that the Barree-Conway model is able to describe the non-Darcy flow behaviour in a wide range of pressure gradients and flow rates. Both the Forchheimer and the Barree-Conway models are widely used in the petroleum industry, but not in the field of CO 2 sequestration. For the evaluation of fluid flow behaviour in the vicinity of wellbore areas, especially during the salt precipitation after CO 2 injection, it is necessary to include non-linear flow behaviour in near-wellbore area (Mijic and Laforce, 2010) . Therefore, we study both the Forchheimer and the Barree-Conway models to analyse the non-Darcy flow behaviour due to CO 2 injection in this paper. This paper presents a Buckley-Leverett type analytical solution for one-dimensional, non-Darcy displacement of two-phase immiscible fluids in linear and radial composite porous media. The classic Buckley-Leverett principle is used to analyse non-Darcy displacement in heterogeneous porous media, in which the two-phase fluids conform to non-Darcy displacement, and the formation is treated as consisting of two flow domains within different rock properties. A practical procedure is provided to calculate the wetting phase saturation profile for non-Darcy immiscible displacement in a one-dimension linear and radial composite system. The analytical solution and the resulting procedure can be regarded as an extension of the Buckley-Leverett theory to non-Darcy displacement in composite systems. We apply the non-Darcy displacement theory to evaluate the fluid flow behaviour subjected to CO 2 injection.
Analytical solution for non-Darcy flow velocity
Consider the flow of two immiscible fluids (one wetting and one non-wetting phase) in a homogeneous, isothermal, and isotropic porous medium. Assume that no interface mass transfer occurs between the two fluids and ignore dispersion and adsorption effects. The governing equation for fluid f is given by the mass conservation equation:
where f is fluid (f w for the wetting phase and f n for the non-wetting phase), ρ is the density of fluid, v is the volumetric (or Darcy flow) velocity, q is sink/source term, S is the saturation, t is time, and ϕ is the effective porosity of formation.
To incorporate non-Darcy flow behaviour, volumetric velocity (v f ) is treated using non-Darcy flow equations. In this study, two equations are of interest, first, the Forchheimer equation:
where v f is volumetric (Darcy) velocity, Φ is flow potential, k is the absolute permeability of the porous media, k rf is the relative permeability to fluid f, µ f is the dynamic viscosity of fluid f, and β f is the effective non-Darcy flow coefficient (per meter) for fluid f under multiphase flow conditions and may be described as follows (Evans and Evans, 1988) :
where C β is a non-Darcy flow constant with a unit of m 3/2 if converted to SI units, k is the absolute permeability of the porous media, k rf is the relative permeability to fluid f, S f is saturation of fluid f, S fr is the residual saturation of fluid f, ϕ is the porosity. A recent study (Liu et al., 1995) indicates that the β coefficient may be correlated to tortuosity or the representative length of tortuous flow paths in a pore structure of porous media. According to Wu (2002) , volumetric flow rate or velocity can be computed in a simplified form for a unit cross-sectional area as follows:
Recent studies Conway, 2004, 2007; Lai et al., 2009) indicate that the Forchheimer equation cannot accurately predict fluid flow behaviour at a very high velocity in porous media and present an alternative equation for both single phase and multiphase flows:
where k d is absolute (Darcy) permeability, k mr is the minimum permeability ratio at a high flow rate, relative to absolute (Darcy) permeability, and τ is the characteristic length. Wu et al. (2009) proposed the method to implement the Barree-Conway model into a numerical simulation, and derived an analytical solution in Buckley-Leverett type. The simplified form of volumetric velocity of Barree and Conway non-Darcy flow for a unit cross-sectional area is as follows:
where
Equations (4) and (6) implicitly define the volumetric flow velocity as a function of pressure gradient, as well as saturation, relative permeability, effective non-Darcy flow coefficient, minimum permeability ratio, and characteristic length. A more general relation for the volumetric flow rate or Darcy velocity in multiphase non-Darcy flow can be proposed as follows:
3 Buckley-Leverett theory for fractional flow
The classic Buckley-Leverett solution was derived assuming the following flow conditions:
1 both fluids and the porous medium are incompressible 2 capillary pressure gradient is negligible 3 gravity segregation effect is negligible (i.e., stable displacement exists near the displacement front).
For a 1D flow and displacement in a linear system, which is a semi-infinite linear flow system with a constant cross-sectional area, equation (1) can be rewritten as follows:
where x s is the location of tracking saturation along x-direction, q i is injection rate, A is cross-sectional area, f f is fractional flow of fluid f, and S f is saturation of fluid f. Using the same assumptions, the mass conservation of 1D flow and displacement in a radial system can be rewritten as follows:
where r s is the location of tracked saturation away from the injecting point, and h is reservoir thickness.
To complete the mathematical description of the physical problem, the initial and boundary conditions must be specified. The system is initially assumed to be uniformly saturated with both wetting and non-wetting fluids. The wetting phase is at its residual saturation, and a non-wetting fluid, such as oil or gas, is at its maximum saturation in the system as follows:
where S wr is the initial, residual wetting phase saturation. The wetting fluid (supercritical CO 2 in our case) is continuously being injected at a known rate q i (t), generally a function of injection time (t). Therefore, the boundary conditions at the inlet are: for a linear flow system
for a radial flow system:
where v n is the fluid flow velocity of non-wetting phase, and v w is the fluid flow velocity of wetting phase fluid. The fractional flow of a fluid phase is defined as a volume fraction of the phase flowing at a given location and time related to the total volume of the flowing phases (Willhite, 1986) . The fractional flow can be written as:
where v t is the total flow velocity of wetting phase and non-wetting phase.
From the definition, we have:
Fractional flow calculation for non-Darcy displacement
The general solution procedure is shown in Figure 1 . We can use this procedure to solve the non-Darcy problem in linear and radial composite systems by the Forchheimer and the Barree-Conway non-Darcy flow models.
1 In order to calculate saturation profile in such complex systems, we have to divide the entire flow domain into a series of sub-domains with a constant total volumetric flow rate (v t ) flowing through all the sub-domains.
2 Calculate total volumetric velocity (v t ) from the following equations:
where A is a constant cross-sectional area for a linear composite system and A = 2πrh for a radial composite system.
3 Calculate potential gradient profile: from equations (2) to (6), fluid velocity is a function of potential gradient (∇Φ f ) and phase saturation (S f ). As no capillary pressure is considered for a wetting and non-wetting fluid system, the pressures for the two fluids are the same. Using the fact that a total volumetric flow rate is constant for a particular sub-domain or cross-section, we can write equation (18) and use Newton Raphson Iteration method to solve potential gradients for a given saturation:
4 Calculate fractional flow: for each sub-domain or cross-section, a fractional flow curve can be computed from equation (15).
5 Select any tracked saturation: the saturation in the first sub-domain is tracked at its location. The saturation in other sub-domains is tracked after injection at a given time. Using the continuity condition for the interface between adjacent flow domains or sub-domains, a corresponding saturation across the interface between sub-domains m -1 and m can be determined as follows:
where m (> 1) is any sub-domain number. f wm-1 is the fractional flow of wetting phase in sub-domain m -1, S wm-1 is the saturation of wetting phase in sub-domain m -1, f wm is the fractional flow of wetting phase in sub-domain m, S wm is the saturation of wetting phase in sub-domain m.
6 Calculate travel time in each sub-domain until the given time:
1 for a linear composite
where S j is a corresponding saturation in sub-domain j.
Then, check sub-domain number that the selected saturation locates for a given time:
where m is the sub-domain number within which the selected saturation is located.
7 Calculate the location of the saturation: 
where x s and r s are location of the saturation, S m is a corresponding saturation in sub-domain m.
8 Check the shock front location: we can use the total amount of injected volume to check saturation of the shock front as follows: 
If the condition holds, the calculated saturation belongs to the shock front saturation. According to the calculation procedure for the fractional flow calculation of non-Darcy displacement in porous media, a linear composite system of porous media is taken as an example to demonstrate the calculation method. The linear composite system is composed of two types of rock. Figure 2 shows the sketch of the linear composite system, and the rock properties are given in Table 1 . We assume that CO 2 is in a wetting phase and saline water is in a non-wetting phase, which mostly happens in depleted natural CO 2 reservoirs. The supercritical CO 2 (liquid-like) is injected with a constant volumetric rate at the inlet. The initial saturation of the wetting phase distributes uniformly at the irreducible saturation. The calculation procedure in this part also can be applied to a radial composite system of porous media. The fraction flow curves for the two domains of the linear composite system can be calculated by the rock properties given in Table 1 . Figure 3 shows the fraction flow and its derivative curves of the two domains, i.e., blue curves for sub-domain 1 and red curves for sub-domain 2. Welge's graphical method (Welge, 1952 ) is applied to find the saturations at shock fronts of sub-domain 1 and sub-domain 2, which are S f,1 for domain 1 and S f,2 for sub-domain 2 in Figure 3 . We can observe that S f,1 > S f,2 . Note that there is another case for S f,1 < S f,2 . Here, the case (S f,1 > S f,2 ) is the most interested. Therefore, the saturation of sub-domain 1 at interface (S -) is calculated by:
where L 1 is length of sub-domain 1 or interface location. From the continuity condition between interfaces by equation (19), we can calculate the corresponding wetting phase saturation at the interface of sub-domain 2 (S + ). In this case, the wetting phase saturation profile in sub-domain 2 has a discontinuity because when the shock front in sub-domain 1 reaches the interface, the shock front saturation (S f,1 ) has the corresponding saturation in sub-domain 2 (S*), which is higher than the shock front saturation (S f,2 ) of sub-domain 2. The shock front saturation is ahead of other saturation (S f,2 < S < S*) due to its travelling velocity. When the injection of a wetting phase fluid continues, the saturation of wetting phase (higher than S*) reaches the interface and starts to travel with an even lower velocity in sub-domain 2. Therefore, the location of this saturation is always behind the location of the corresponding saturation of S f,1 in sub-domain 2 (S*), and the travelling time of this saturation in sub-domain 2 is less than that of saturation S*. Figure 4 shows a saturation travelling profile at a given time when the saturation (higher than S*) reaches the interface, and a discontinuity of the saturations at the interface can be observed clearly.
The specific calculation procedure for this case (S f,1 > S f,2 ) can be described as follows:
1 The saturation profile of wetting phase in sub-domain 1 (1 -S nr < S w < S -) is calculated by the following equation:
2 The calculation of the travelling location of specific wetting phase saturation in sub-domain 2 can be divided into three parts: a The location of shock front saturation (S < S f,2 ):
where t* is the time of shock front saturation S f,1 arriving at the interface and can be computed by the following equation:
b As the saturation reaches sub-domain 2 at the same time as the shock front, the location of the saturation of wetting phase between the shock front of sub-domain 2 and the corresponding shock front in sub-domain 1 (S f,2 < S < S*) is as follows:
c The location of the saturation of wetting phase between interface and the corresponding shock front in sub-domain 1 (S * < S < S + ) can be calculated by equation (32), and this saturation reaches sub-domain 2 later than that of previous saturations,
where t 2 is the time of the saturation in sub-domain 1 of the selected saturation S 2 arriving at the interface and can be computed by the following equation:
Figure 3 Fractional flow curves in linear composite system: S f1 is the shock front saturation of sub-domain 1; S f2 is the shock front saturation of sub-domain 2; S + is the corresponding wetting phase saturation at the interface of sub-domain 2; S * is the corresponding saturation of the shock front saturation in sub-domain 2; S -is the saturation of wetting phase at the interface of sub-domain 1 (see online version for colours) 
Sensitivity analysis for non-Darcy displacement
The Buckley-Leverett solution of non-Darcy displacement described above is used to analyse influences of different parameters on saturation profiles as well as the displacement efficiency. The influencing factors include the injection rate, the non-Darcy coefficient of the Forchheimer correlation, the characteristic length and the minimum permeability ratio of the Barree-Conway model. We still use the one-dimension linear composite system to conduct the sensitivity study. For the sensitivity study of the Barree-Conway model, the rock properties and the initial conditions for the linear composite system are in Table 2 . For the sensitivity study of the Forchheimer correlation, the rock properties and the initial conditions for the linear composite system are in Table 3 . Figures 5 to 8 show the sensitivity analysis for the Forchheimer and the Barree-Conway models. These factors dominate the shape of fractional flow curves, water saturation profiles, and displacement efficiency. For sensitivity analyses for the Barree-Conway non-Darcy model, if the characteristic length goes to infinity, the equation can be reduced to the standard Darcy's equation. The larger the characteristic length, the less the non-Darcy effect is. This effect can be observed in Figure 5 . A higher characteristic length or a higher non-Darcy effect could reduce the shock front speed and result in a uniform saturation front. In the case of minimum permeability ratios, the ratio value ranges from zero to one. If the ratio approaches one, the equation is in the same form as the Darcy flow described. A small minimum permeability ratio physically means that it is the smallest equivalent Darcy permeability that could be possible in the non-Darcy system. As such the smaller the ratio, the more the non-Darcy effects is, and this effect can be observed in Figure 6 . Furthermore, it should be mentioned that the non-Darcy flow phenomena improves displacement efficiency because any saturation moving with high velocity is held back by the larger flow resistance of the non-Darcy effect. Consequently, the saturation profile moves in a more uniform manner, which is shown in Figure 7 . Effect of injection rates on non-Darcy displacements is shown in Figure 7 , in which non-Darcy flow related parameters are constant under all three injection rates. Figure 7 indicates that non-Darcy displacement may be very sensitive to injection or flow rates. This rate-dependent displacement behaviour is entirely different from a Buckley-Leveret type Darcy displacement, because the latter is independent on injection or flow rates.
In terms of the Forchheimer model, the fractional flow curves change with the non-Darcy flow constants because of the change in pressure gradient for different non-Darcy flow constants under the same saturation. Saturation profiles of displacement after an injection period (4,000 s) are plotted in Figure 8 . In terms of higher sweeping efficiency or shorter displacement front travel distance, a larger non-Darcy flow constant or coefficient gives lower wetting phase flow rates. This leads to better displacement efficiency: more non-wetting phase is displaced from the swept zone. Table 2 Rock properties and initial conditions for linear composite system in the Barree-Conway scheme One application of this extended Buckley-Leverett solution is to use it as a verification tool for numerical simulation results. In this case, MSFLOW code (Wu, 1998) , a general purpose, three-phase reservoir simulator, is verified with the solution. A one-dimensional reservoir system is modelled for linear composite porous media. Figure 2 shows the sketch of the linear composite system of porous media. To reduce the effects of discretisation on numerical simulation results, very fine, uniform mesh spacing (∆x = 0.01 m and ∆r = 0.01 m) are chosen. The flow description and the parameters for this problem are identical to those in Table 1 . The comparisons between the analytical and numerical solutions for non-Darcy flow in linear composite reservoir are shown in Figure 9 . It is indicated that the numerical result is in good agreement with the analytical prediction of the non-Darcy displacement for the entire wetting phase sweeping zone. Except at the shock, advancing saturation front, the numerical solution deviates only slightly from the analytical solution, resulting from a typical 'smearing front' phenomenon of numerical dispersion when matching the Buckley-Leverett solution using numerical results (Aziz and Settari, 1979) . 
General information

Concluding remarks
This paper presents a Buckley-Leverett type analytical solution and a theoretical study for non-Darcy displacement of two immiscible fluids through linear and radial composite porous media. A general procedure is developed to solve non-Darcy flow through such a complex reservoir system analytically. This procedure can be used for any non-Darcy equation.
The non-Darcy effect is calculated by using the Forchheimer and the Barree-Conway equations. The non-Darcy displacement theory is applied to evaluate the fluid flow behaviour subjected to CO 2 injection. The effects of the variation of physical parameters for each non-Darcy flow model are investigated for how the model parameters influence CO 2 saturation. The results show that non-Darcy displacement caused by CO 2 injection in linear and radial composite systems is controlled not only by the relative permeability, but also by the non-Darcy coefficients, the characteristic length, the injection rates, and as well as the discontinuities in the saturation profile across the interfaces between adjacent flow domains. It should be mentioned that the non-Darcy effect could improve CO 2 displacement efficiency because any saturation moving with high velocity is held back by the non-Darcy effect. Consequently, the saturation profile moves in a more uniform manner. As an example of application, the analytical solution is applied to verify a numerical simulator modelling multiphase non-Darcy flow.
